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Abstract
An equilibrium picture of thermodynamics is discussed at the ap-
parent horizon of FRW universe in f(T, TG) gravity, where T repre-
sents the torsion invariant and TG is the teleparallel equivalent of the
Gauss-Bonnet term. It is found that one can translate the Friedmann
equations to the standard form of first law of thermodynamics. We
discuss GSLT in the locality of assumption that temperature of matter
inside the horizon is similar to that of horizon. Finally, we consider
particular models in this theory and generate constraints on the cou-
pling parameter for the validity of GSLT in terms of recent cosmic
parameters and power law solutions.
Keywords: f(T, TG) theory; Dark Energy; Thermodynamics.
PACS: 04.50.Kd; 95.36.+x; 97.60.Lf; 04.70.Df.
1 Introduction
The discovery of black hole (BH) thermodynamics suggest that there is a fun-
damental connection between relativistic gravity and thermodynamics laws,
however people have been trying to find a significant way to develop such
connection [1]. BH acts as a thermodynamic system with temperature be-
ing related to surface gravity and entropy with horizon area [2]. Jacobson
∗mzubairkk@gmail.com; drmzubair@ciitlahore.du.pk
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[3] unveiled the issue of relating BH thermodynamics to the Einstein grav-
ity and derived Einstein field equations in local Rindler spacetime using the
entropy S = A/4G and Clausius relation TdS = δQ. Frolov and Kofman
[4] showed that for the flat quasi de-Sitter geometry of inflationary universe,
Friedmann equations can result from dE = TdS for slowly rolling scalar
field. In [5], Padmanabhan explored such connection in case of spherically
symmetric BHs and showed that field equations can be stated in the form
dE+PdV = TdS. This study is further extended to generic static spacetimes
in Lanczos-Lovelock gravity and shown that the near-horizon field equations
again represent a thermodynamic identity in all these models [6].
Cai and Kim [7] showed that Friedmann equations with any spatial cur-
vature can be derived from the Clausius relation TdS = δQ. The relation
between gravity and thermodynamics has also been tested in Einstein as well
as Gauss-Bonnet and Lovelock gravities. Cai and Cao [8] showed that Fried-
mann equations in braneworld scenario can be cast to the form of first law
of thermodynamics at the apparent horizon. This work is also extended in
the framework of warped DGP braneworld [9] and Gauss-Bonnet Braneworld
[10]. Akbar and Cai [11] found that formulation of thermodynamic laws in
f(R) and scalar tenser gravities is not trivial when compared to Einstein
gravity and Clausius relation is to be modified. In this perspective, Eling
et al. [12] studied the thermodynamic laws in f(R) gravity and remarked
that non-equilibrium description of thermodynamics needed, whereby the
Clausius relation is modified to the form δQ = T (dS + dS), where dS is
the additional entropy term. Cai and Cao [13] found that in scalar tensor
theories thermodynamics associated with the apparent horizon of the FRW
universe results in non-equilibrium description which modifies the standard
Clausius relation. The thermodynamics properties have been discussed in
various modified theories [14]-[20].
The development of cosmology and gravitation can be seen as one of the
scientific triumphs of the twentieth century. In current situation modified
theories of gravity have been appeared as significant tool to discuss various
cosmic issues [21]. The introduction of non-minimal coupling between mat-
ter and curvature in the context of modified theories has become a center
of interest for the researchers [22]. Another important and conceptually rich
class consists of gravitational modifications involving torsion description of
gravity. It is interesting to mention here that teleparallel equivalent of GR
has been constructed by Einstein himself by including torsionless Levi-Civita
connection instead of curvatureless Weitzenbck connection and the vierbein
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as the fundamental ingredient for the theory [23]. Harko et al. [24] con-
structed a more general type of f(T ) gravity by introducing a non-minimal
interaction of torsion with matter in the Lagrangian density. We [25, 26]
have discussed the validity of energy bounds and GSLT for specific models
and find the feasible constraints on the involved free parameters. Kofinas
and Saridakis [27] proposed a novel theory namely f(TG) gravity and then
its generalized form f(T, TG) gravity and they also discussed its cosmological
significance. Recently, we have discussed the energy condition bounds in this
modified gravity and tested two well known models [28] which are proposed
in [27].
In this study, we are interested to explore laws of thermodynamics in
f(T, TG) gravity which is a more generic modified theory involving torsion
and Gauss-Bonnet contributions [27]. In previous studies, we have explored
the issue of equilibrium thermodynamics in f(R, T ) [29], f(R,Lm) [30] and
f(R, T,RµνT
µν) [31] theories of gravity. We find that equilibrium picture
of thermodynamics in such theories needs more study to follow. However,
in this paper we find that one can develop the equilibrium picture of ther-
modynamics in generic modified theory models which involve contribution
from torsion scalar. The paper has the following format: In section 2, we
present the general formalism of field equation in f(T, TG) gravity for FRW
universe. In section 3, the first law of thermodynamics (FLT) is established
and we discuss the validity of GSLT for different f(T, TG) models in section
4. Finally, section 5 summarizes our findings.
2 f(T, TG) Gravity
In this section, we briefly review some basic components of TEGR and hence
of f(T, TG). The dynamical variables of TEGR are the vielbein fields eA(x
µ)
which can be represented in components as ea = e
µ
a∂µ. The connection 1-
forms ωab (x
µ) (the source of parallel transportation) in terms of vielbein field
is given by ωab = ω
a
bµdx
µ = ωabce
c. The structure coefficients arising from the
veilbein commutation relation
[ea, eb] = C
c
abec,
are defined by
Ccab = e
µ
ae
ν
b (e
c
µ,ν − ecν,µ).
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One can define torsion and curvature tensor in tangent components as
T abc = ω
a
cb − ωabc − Cabc, (1)
Rabcd = ω
a
bd,c − ωabc,d + ωebdωaec − ωebcωaed − Cecdωabe. (2)
Furthermore, for an orthonormal veilbein, the metric tensor is defined by the
relation
gµν = ηabe
a
µe
b
ν ,
where ηab = diag(−1, 1, 1, 1). Herein, a,b run over 0, 1, 2, 3 for the tangent
space of the manifold and µ, ν are coordinate indices on the manifold which
also run over 0, 1, 2, 3.
In order to be consistent with the condition Rabcd = 0 (teleparallelism
condition), we express the Weitzenbo¨ck connection as follows
ω˜λµν = e
λ
ae
a
µ,ν ,
while in terms of Levi-Civita connection, the Ricci scalar R is given by
eR¯ = −eT + 2(eT νµν ),µ,
where e = det(eaµ) =
√|g| and T = 1
4
T µνλµνλ +
1
2
T µνλTλνµ − T νµν T λλµ is the
torsion scalar. Consequently, the Lagrangian density describing TEGR in
D-dimensions is given by
Stel = − 1
2κ2D
∫
M
dDxeT. (3)
Following these lines TEGR action has been extended to the form [21]
I = 1
2κ2
∫
dx4ef(T ). (4)
In a recent paper [27], teleparallel equivalent of Gauss-Bonnet theory has
been proposed involving a new torsion scalar TG, where, in Levi-Civita con-
nection, the Gauss-Bonnet term is defined by
eG¯ = eTG + total diverg,
and the corresponding action takes the following form
Stel = − 1
2κ2D
∫
M
dDxeTG. (5)
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Since both theories f(T ) and f(TG) arise independently, therefore a compre-
hensive theory involving both T and TG as basic ingredient has been proposed
by Kofinas and Saridakis defined by the following action [27]
S = − 1
2κ2D
∫
M
dDxef(T, TG). (6)
In some certain limits of the function f(T, TG), other theories like GR, TEGR,
Einstein-Gauss-Bonnet theory etc. can be discussed.
We consider the flat FRW universe model with a(t) as expansion scalar
given by
ds2 = −dt2 − a2(t)(dx2 + dy2 + dz2). (7)
The diagonal vierbein and the dual vierbein for this metric are
eaµ = diag(1, a(t), a(t), a(t)),
eµa = (1, a
−1(t), a−1(t), a−1(t)),
while the corresponding determinant is given by e = a(t)3. The torsion scalar
and Gauss-Bonnet equivalent term TG for this geometry are
T = 6H2, TG = 24H
2(H˙ +H2), (8)
where H = a˙
a
is the Hubble parameter. In this study, we consider the matter
action Sm =
∫ Lmatter√−gdx4 corresponding to natter energy momentum
tensor Θµν , which is assumed as perfect fluid. Now the variation of action
S + Sm implies the following gravitational equations for FRW geometry
f − 12H2fT − TGfTG + 24H3f˙TG = 2κ2ρm, (9)
f − 4(H˙ + 3H2)fT − 4Hf˙T − TGfTG +
2
3H
TGf˙TG + 8H
2f¨TG = −2κ2pm,
(10)
where ρm and pm indicates the density and pressure of ordinary matter,
fTT , fTTG , ... represent the second and higher-order derivatives with respect
to T and TG respectively. Moreover dot represents the time derivative and
these derivatives are given by
f˙T = fTT T˙ + fTTG T˙G, f˙TG = fTTG T˙ + fTGTG T˙G, (11)
f¨TG = fTTTG T˙
2 + 2fTTGTGT˙ T˙G + fTGTGTG T¨
2
G + fTTG T¨ + fTGTG T¨G, (12)
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where the derivatives of torsion scalar T and teleparallel equivalent to Gauss-
Bonnet term TG can be set in terms of Hubble parameter H as
T˙ = 12HH˙, T˙G = 24H
2(H¨ + 2HH˙) + 48HH˙(H˙ +H2),
T¨ = 12(H˙2 +HH¨), T¨G = 48H˙
3 + 144HH˙H¨ + 288H˙2H2 + 24H2
...
H
+ 96H3H¨.
The dynamical equations (9) and (10) can be rewritten as
H2 =
κ2
3
(ρm + ρϑ), (13)
H˙ = −κ
2
2
(ρm + pm + ρϑ + pϑ), (14)
where ρϑ and pϑ are the density and pressure of dark energy, respectively
given by
ρϑ =
1
2κ2
[6H2 − f + 12H2fT + TGfTG − 24H3f˙TG ], (15)
pϑ =
1
2κ2
[−2(2H˙ + 3H2) + f − 4(H˙ + 3H2)fT − 4Hf˙T − TGfTG
+
2
3H
TGf˙TG + 8H
2f¨TG ]. (16)
For FRW spacetime, the energy density ρϑ and pressure pϑ of torsion contri-
butions satisfy the following relation
ρ˙ϑ + 3H(ρϑ + pϑ) = 0. (17)
3 Thermodynamics in f(T, TG) Gravity
Here, we discuss the first and second laws of thermodynamics at the apparent
horizon of FRW universe in f(T, TG) gravity.
3.1 First Law of Thermodynamics
The condition hαβ∂αr˜∂β r˜ = 0, implies the radius of dynamical apparent
horizon. For flat FRW geometry, radius r˜A is
r˜A =
1
H
, (18)
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Taking the time derivative of the above equation, it follows that
r˜−3A dr˜A
dt
= HH˙.
Substituting above result in Eq.(14), we get
1
2pir˜A
(
2pir˜Adr˜A
G
)
= 4pir˜3AH
[
ρm + pm +
1
16piG
(
−4H˙(1 + fT )− 4Hf˙T
+ (16HH˙ − 8H3) ˙fTG + 8H2 ¨fTG
)]
dt. (19)
Multiplying Eq.(19) with
(
1− ˙˜rA
2Hr˜A
)
, it leads to
|κsg|
2pi
d
(
A
4G
)
=
(
1−
˙˜rA
2Hr˜A
)
r˜AAH
[
ρm + pm +
1
16piG
(
−4H˙(1 + fT )
− 4Hf˙T + (16HH˙ − 8H3) ˙fTG + 8H2 ¨fTG
)]
dt, (20)
where A = 4pir˜2A is the area of apparent horizon, κsg =
1
r˜A
(1 − ˙˜rA
2Hr˜A
) is
the surface gravity and T = |κsg|
2π
is identified as temperature of apparent
horizon. Furthermore, Eq.(20) involves Bekenstein-Hawking entropy relation
[1, 2] S = A/4G defined in Einstein gravity. Consequently, Eq.(20) can be
rewritten as
TdS = r˜AAH(ρm + pm)dt− 2pir˜2A(ρm + pm)dr˜A +
(r˜AAH − 2pir˜2A ˙˜rA)
16piG
×
(
−4H˙(1 + fT )− 4Hf˙T + (16HH˙ − 8H3) ˙fTG + 8H2 ¨fTG
)
dt. (21)
The matter energy density inside the apparent horizon is defined by the
relation E = V ρtot with V = 4/3pir˜
3
A and for this theory it results in
dE = 4pir˜2A(ρm + ρϑ)dr˜A − 4pir˜3A(ρm + ρϑ + pm + pϑ)Hdt, (22)
where we have employed the standard continuity equation which holds in
f(T, TG) gravity.
Inserting dE in Eq.(21), we get
TdS = −dE + 2pir˜2A(ρm + ρϑ − pm − pϑ)dr˜A. (23)
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Now introducing the total work density which is defined as [33]
W = −1
2
T (tot)αβhαβ =
1
2
(ρtot − ptot). (24)
Eq.(23) takes the standard form of FLT
TdS = −dE + dW, (25)
which is FLT in f(T, TG) gravity identical to that in Einstein, Gauss-Bonnet
and Lovelock gravities and usual FLT is satisfied by the respective field equa-
tions [8]-[10].
4 GSLT in f(T, TG) Gravity
Here, we explore the validity of GSLT in the framework of f(T, TG) gravity
at the apparent horizon. According to GSLT, the sum of the horizon entropy
and entropy of ordinary matter fluid components is not decreasing with time
[7]. In literature, it is shown that GSLT can be met in the framework of
modified theories of gravity [14]-[20, 29, 30, 31]. It would be interesting to
examine the GSLT in f(T, TG) modified theory. The Gibb’s equation which
relates the entropy of matter and energy sources inside the horizon Sin to
the density and pressure in the horizon is defined as
TindSin = d(ρmV ) + pmdV. (26)
Equivalently, it can be expressed as
TinS˙in = 4pir˜
2
A(ρm + pm)( ˙˜rA −Hr˜A), (27)
where ρm and pm can be evaluated of the form
ρm =
1
2
[
f − 12H2fT − TGfTG + 24H3f˙TG
]
, (28)
pm =
1
2
[
−f + 4(H˙ + 3H2)fT + 4Hf˙T + TGfTG −
2
3H
TGf˙TG − 8H2f¨TG
]
.
(29)
Substituting Eqs.(27) and (28) in Eq.(27), it follows
TinS˙in = 2pir˜
2
A( ˙˜rA − 4Hr˜A)
[
∂t(4HfT ) + (8H
3 − 16HH˙)f˙TG − 8H2f¨TG
]
.(30)
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Using the horizon entropy relation, one can find
ThS˙h =
1
2r˜AHG
(2Hr˜A ˙˜rA − ˙˜r2A). (31)
Now we discuss the validity of GSLT which requires (T˙hS˙h + T˙inS˙in) > 0. In
this setting, we assume a relation between the temperature of matter and
energy sources within the horizon and temperature of apparent horizon i.e.,
Tin = bTh, where 0 < b < 1. It is natural to assume a relation between the
temperature of apparent horizon and entire contents within the horizon which
results in thermal equilibrium for the choice of b = 1. Generally speaking, the
horizon temperature varies from the temperature of all energy sources inside
the horizon and this variation makes the spontaneous flow of energy between
between the horizon and fluid components so that thermal equilibrium is no
longer preserved [33]. Here, we are discussing the equilibrium description of
thermodynamics in f(T, TG) gravity, so that we limit our results to the case
of thermal equilibrium b = 1 i.e., the horizon temperature is equal to that of
fluid components inside the horizon.
After some manipulation Eqs.(30) and (31) can be summed to the follow-
ing form
ThS˙tot =
−H˙
2GH4
(2H2 + H˙)− 2pi
H4
(H2 + H˙)
[
∂t(4HfT ) + (8H
3 − 16HH˙)f˙TG
− 8H2f¨TG
]
, (32)
which is a condition to validate the GSLT in f(T, TG) gravity and it can
be varified for different choices of Lagrangian. To illustrate the validity of
GSLT in f(T, TG) gravity, we consider some generic f(T, TG) models of the
following form [27]
1. f(T, TG) = −T + α1
√
T 2 + α2TG,
2. f(T, TG) = −T + β1
√
T 2 + β2TG + α1T
2 + α2T
√
|TG|,
3. f(T, TG) = −T + β1(T 2 + β2TG) + β3(T 2 + β4TG)2,
where TG contains the quartic torsion term, αi’s and βi’s are dimension-
less coupling parameters. These models have been proposed in [27], where
authors discussed the phase space analysis and expansion history from early-
times inflation to late-times cosmic acceleration with no need of introducing
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cosmological constant. It is found that effective EoS parameter can repre-
sents different eras of the universe namely, quintessence, phantom and quin-
tom phase (crossing of phantom divide line).
• f(T, TG) = −T + α1
√
T 2 + α2TG
Initially, we consider the model of the form f(T, TG) = −T +α1
√
T 2 + α2TG,
where αi’s are constrained for the validity of GSLT. The derivatives of f can
be calculated as
fT = −1 + α1T (T 2 + α2TG)−1/2,
f˙T = α1T˙ (T
2 + α2TG)
−1/2 − α1
2
(2T 2T˙ + α2T T˙G)(T
2 + α2TG)
−3/2,
f˙TG =
−α1α2
4
(T 2 + α2TG)
−3/2(2T T˙ + α2T˙G),
f¨TG =
α1α2
4
(T 2 + α2TG)
−3/2
[
3
2
(T 2 + α2TG)
−1(2T T˙ + α2T˙G) + (2T˙
2
+ 2T T¨ + α2T¨G)
]
.
Using the above relations, one can find GSLT of the following form
ThS˙tot =
−H˙
2GH4
(2H2 + H˙)− 2pi
H4
(H2 + H˙)
[
4H˙(−T + α1
√
T 2 + α2TG)
+ 4H{α1T˙ (T 2 + α2TG)−1/2 − α1
2
(2T 2T˙ + α2T T˙G)(T
2 + α2TG)
−3/2}
+ (8H3 − 16HH˙){−α1α2
4
(T 2 + α2TG)
−3/2(2T T˙ + α2T˙G)} − 8H2
× {α1α2
4
(T 2 + α2TG)
−3/2{3
2
(T 2 + α2TG)
−1(2T T˙ + α2T˙G) + (2T˙
2
+ 2T T¨ + α2T¨G)}}
]
. (33)
Here, we define some cosmic parameters namely deceleration, jerk and snap
parameters in terms of H as
q = −
(
1 +
H˙
H2
)
, r = 2q2 + q − q˙
H
, s =
(r − 1)
3(q − 1/2) ,
so that the time derivatives of H can be expressed in terms of these param-
eters as
H˙ = −H2(1 + q), H¨ = H3(j + 3q + 2), ...H = H4(s− 4j − 3q(q + 4)− 6).
10
Figure 1: Evolution of GSLT for the model f(T, TG) = −T +α1
√
T 2 + α2TG
in terms of coupling parameters α1 and α2.
Hence, one can represent T, TG and their derivatives in terms of recent value
of Hubble parameter H0 and cosmic parameters of the following form
T = 6H20 , TG = −24qH40 , T˙ = 12H30(1 + q),
T˙G = 48H
5
0(1 + q)
2 − 96H50 (1 + q) + 24H50(j + 3q + 2),
T¨ = 12H40(1 + q)
2 + 12H40(j + 3q + 2),
T¨G = −48H60 (1 + q)3 − 144H60(1 + q)(j + 3q + 2) + 288H60 (1 + q)2
+ 24H60(s− 4j − 3q(q + 4)− 6) + 96H60 (j + 3q + 2). (34)
Substituting relations (34) in (33), it implies the GSLT in terms of recent
values of cosmic parameters. In this study, we set the present day values of
Hubble, deceleration, jerk and snap parameters as H0 = 73.8, q0 = −0.81±
0.14, j0 = 2.16
+0.81
−0.75 and s0 = −0.22+0.21−0.19 [33]. In Figure 1, we show the
evolution of GSLT for model 1 in terms of parameters α1 and α2. It can be
seen that GSLT is satisfied for αi > 0.
Cosmic expansion history is thought to have experienced the decelerated
phase and hence transition to accelerating epoch. Thus, power law solutions
can play vital role to connect the matter dominated phase with accelerating
paradigm. The existence of power law solutions in FRW setting is particu-
larly relevant to intimate all possible cosmic evolutions. The scale factor for
power law cosmology is defined as
a(t) = a0t
m,
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Figure 2: Evolution of GSLT for the model f(T, TG) = −T +α1
√
T 2 + α2TG
versus m and t with coupling parameters α1 = 14 and α2 = 0.02.
where m is a positive real number. If 0 < m < 1, then the required power
law solution is decelerating while for m > 1 it exhibits accelerating behavior.
To be more explicit for the above constraint, we set the power law cosmology
for accelerated cosmic expansion (m > 1). For FRW universe, we show the
evolution of GSLT in Figure 2. It can be seen that validity of GSLT requires
m > 2 with α1 = 14 and α2 = 0.02.
• f(T, TG) = −T + β1
√
T 2 + β2TG + α1T
2 + α2T
√|TG|
This model is modified version of previous model and involves higher order
correction terms like T 2 and T
√|TG|. Here, one can find the derivatives f
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as
f˙T = −1 + β1T T˙ (T 2 + β2TG)−1/2 + 2α1T T˙ + α2T˙
√
|TG|,
f˙T = [{β1(T 2 + β2TG)−1/2 + 2α1}T˙ − {β1T 2T˙ + 1
2
β1β2T T˙G}(T 2 + β2TG)−3/2
+
α2
2
(|TG|)−1/2T˙G],
f˙TG = [{−
1
2
β1β2T (T
2 + β2TG)
−3/2 +
α2
2
(|TG|)−1/2}T˙ + {−β1β
2
2
4
(T 2 + β2TG)
−3/2
− α2T
4
(|TG|)−3/2}T˙G],
f¨TG = {−
β1β2
2
(T 2 + β2TG)
−3/2 +
3β1β2
2
T 2(T 2 + β2TG)
−5/2}T˙ 2 + 2{3
4
β1β
2
2T (T
2
+ β2TG)
−5/2 − α2
4
(|TG|)−3/2}T˙ T˙G + {3
8
β1β
3
2(T
2 + β2TG)
−5/2
+
3α2T
8
(|TG|)−5/2}T¨G. (35)
Using the derivatives (35), we can represent the GSLT as
ThS˙tot =
−H˙
2GH4
(2H2 + H˙)− 2pi
H4
(H2 + H˙)
[
4H{(β1(T 2 + β2TG)−1/2 + 2α1)T˙
− (β1T 2T˙ + 1
2
β1β2T T˙G)(T
2 + β2TG)
−3/2 +
α1
2
(|TG|)−1/2T˙G}+ 4H˙{−1
+ β1T T˙ (T
2 + β2TG)
−1/2 + 2α1T T˙ + α2T˙
√
|TG|}+ (8H3 − 16HH˙)
× {(−β1β2
2
T (T 2 + β2TG)
−3/2 +
α2
2
(|TG|)−1/2)T˙ + (−β1β
2
2
4
(T 2 + β2TG)
−3/2)
− α2T
4
(|TG|)−3/2)T˙G} − 8H2{(−β1β2
4
(T 2 + β2TG)
−3/2 +
3β1β2
2
T 2(T 2
+ β2TG)
−5/2)T˙ 2 + (
3
2
β1β
2
2T (T
2 + β2TG)
−5/2 − α2
2
(|TG|)−3/2)T˙ T˙G
+ (
3
8
β1β
3
2(|TG|)−5/2 +
3α2T
8
(|TG|)−5/2)T¨G}
]
. (36)
We first analyze the evolution of GSLT in terms of present day values of
cosmic parameters and show the respective behavior in Figure 3. In left plot
we present the validity of GSLT in terms of parameters βi, which can be
met only if αi < 0. Similarly, in right plot we fix βi and GSLT is satisfied if
αi < 0. Furthermore, we consider the power law cosmology and present the
validity of GSLT in term of t and m as shown in Figure 4.
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Figure 3: Evolution of GSLT for the model f(T, TG) = −T+β1
√
T 2 + β2TG+
α1T
2 + α2T
√|TG| versus the parameters αi(i = 1, 2) and βi(i = 1, 2). The
left plot corresponds to parameters α1 = −0.2 and α2 = −0.1 and right plot
corresponds to β1 = 0.2 and β2 = 2.
Figure 4: Evolution of GSLT for the model f(T, TG) = −T+β1
√
T 2 + β2TG+
α1T
2 + α2T
√|TG| versus m and t with α1 = −0.2, α2 = 0.1, β1 = 0.2 and
β2 = 0.1.
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• f(T, TG) = −T + β1(T 2 + β2TG) + β3(T 2 + β4TG)2
Here, f(T, TG) model involves fourth order torsion terms and second order
contribution from TG. For this model, the derivatives of f are obtained as
fT = −1 + 2β1T + 4β3T (T 2 + β4TG),
f˙T = (2β1 + 12β3T
2 + 4β3β4TG)T˙ + 4β3β4T T˙G,
f˙TG = 4β3β4T T˙ + 2β3β
2
4 T˙G,
f¨TG = 4β3β4T˙
2 + 4β3β4T T¨ + 2β3β
2
4 T¨G.
Using the above expressions we find constraint for GSLT of the form
ThS˙tot =
−H˙
2GH4
(2H2 + H˙)− 2pi
H4
(H2 + H˙)
[
4H{(2β1 + 12β3T 2 + 4β3β4TG)T˙
+ 4β3β4T T˙G}+ 4H˙{−1 + 2β1T + 4β3(T 2 + β4TG)T}+ (8H3 − 16HH˙)
× {(2β1 + 12β3T 2 + 4β3β4TG)T˙ + 4β3β4T T˙G} − 8H2{4β3β4(T˙ 2 + T T¨ )
+ 2β3β
2
4 T¨G}
]
. (37)
One can see that constraint (37) depends only on the parameters β1, β3
and β4. To specify the values of these parameters we consider recent cosmic
parameters (34) and show the evolution of GSLT in left plot of Figure 5. In
right plot we consider the power law cosmology and fix βi to find variation
to find variation of GSLT versus m and t.
5 Concluding Remarks
In this paper, the thermodynamics properties have been discussed in f(T, TG)
theory, where T stands for torsion and TG represents the teleparallel equiva-
lent of the Gauss-Bonnet term. We present the equilibrium picture of ther-
modynamics at the apparent horizon of FRW spacetime. We show that field
equations can be cast to the form of FLT TdS = −dE + dW . We find
that no entropy production term is produced in this work as compared to
modified theories involving curvature matter coupling [29]-[31]. The results
of this theory coincide with that in Einstein, Gauss-Bonnet, Lovelock and
braneworld modified theories [8]-[10].
We also explore the validity of GSLT in the framework of f(T, TG) grav-
ity. In this perspective, we consider three generic f(T, TG) models namely,
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Figure 5: Evolution of GSLT for the model f(T, TG) = −T +β1(T 2+β2TG)+
β3(T
2 + β4TG)
2. In left plot we fix the β1 = 2 and show the variation of β3
and β4. The right plot shows the evolution of GSLT in terms of parameter
m and time t with β1 = .1, β3 = 1 and β4 = 2.
f(T, TG) = −T +α1
√
T 2 + α2TG, f(T, TG) = −T + β1
√
T 2 + β2TG+α1T
2+
α2T
√|TG|, and f(T, TG) = −T +β1(T 2+β2TG)+β3(T 2+β4TG)2. We set the
constraint for GSLT in terms of present day values of Hubble, deceleration,
jerk and snap parameters. In Figure 1, we show the evolution of GSLT for
model 1 and it is found to be satisfied if αi > 0. In this discussion we further
consider the power law cosmology and found the constraints for accelerated
cosmic expansion. Figure 2 shows that GSLT can be met for m > 2 with
α1 = 14 and α2 = 0.02. For second model one requires coupling parameters
αi < 0 with βi > 0. Moreover in case of model 3, we fix β1 = 2 and show the
variation of β3 and β4 in left plot of Figure 5. In right plot the evolution of
GSLT for power law cosmology with fixed parameters βi.
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